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Introduction: Output
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Question
When there is no perfect axis, 
what methods can we use to 

find the near-axes?



Five methods
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Solution 1 : Voter Deletion
The optimal axis is the one for which we need to delete the 
least number of voters to get a linear profile.
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Voter Deletion
Minimizes how many 
votes are not interval.



Solution 2 : Ballot Completion
The optimal axis is the one for which we need to add the least 
number of         to get a linear profile.
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Voter Deletion
Minimizes how many 
votes are not interval.

Ballot Completion
Minimizes how many
       need to be added.



Solution 3 : Minimum Flips
The optimal axis is the one for which we need to add/remove 
the least number of        /       to get a linear profile.
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Voter Deletion
Minimizes how many 
votes are not interval.

Ballot Completion
Minimizes how many
       need to be added.

Minimum Flips
Minimizes how many

       need to be 
added/removed.



Solution 4 : Minimum Swaps
The optimal axis is the one for which we need to swaps the 
least number of candidates for each voter to get a linear 
profile.
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Minimizes how many 
votes are not interval.
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       need to be added.

Minimum Flips
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       need to be 
added/removed.

Minimum Swaps
Minimizes the number of 

swaps on the axis.



Solution 5 : Forbidden Triples
The optimal axis is the one which minimizes the number of 
triplets (     ,    ,    ).
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Solution 5 : Forbidden Triples
The optimal axis is the one which minimizes the number of 
triplets (     ,    ,    ).
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Question
If different methods return 

different axes, which method(s) 
should we use?



Introducing…

The axiomatic 
method



Axioms: basic example

If there exist a perfect axis for the 
profile, this axis should be chosen.
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Axioms: clones
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Axioms: clones

Ann Bob CoraDan Bobby

Clone-proximity
Clones should be next to each other on the axis.

Resistance to cloning
Adding a clone should not change the order of the other 
candidates on the axis.
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Axioms: clones

Clone-proximity
Clones should be next to each other on the axis.

Resistance to cloning
Adding a clone should not change the order of the other 
candidates on the axis.

Impossibility Result
No rule can always satisfy both axioms.



Axioms

Ballot Monotonicity
If we add approvals to the ballot of a voter to turn it into 
an interval of the optimal axis, this axis is still selected. 
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Axioms

Ballot Monotonicity
If we add approvals to the ballot of a voter to turn it into 
an interval of the optimal axis, this axis is still selected. 

Characterization Result
Voter Deletion is the only rule to satisfy Ballot 
Monotonicity and Resistance to cloning.



Axioms satisfied

Voter Deletion
Minimizes how many 
votes are not interval.

Ballot Completion
Minimizes how many
       need to be added.

Minimum Flips
Minimizes how many

       need to be 
added/removed.

Minimum Swaps
Minimizes the number of 

swaps on the axis.

Forbidden Triples
Minimizes the number of 

triplets (   ,    ,    ).

Ballot monotonicity
Resistance to cloning

Nothing

Ballot monotonicity
Clearance

Clearance
Veto-centrism

Clearance
Veto-centrism
Clone proximity



Introducing…

Experiments



Experiments

Synthetic Data
We used different 

probabilistic models to 
generate data.

Real Data
We gather and collect 

approval data from various 
sources.



Experiments: France

Source of the data
“Voter Autrement : The online experiment”
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Source of the data
“Voter Autrement : The online experiment”
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Results

LO NPA LFI PCF PS EELV EM LR R RN REC DLF

Voter Deletion

Minimum Flips

Ballot Completion

Minimum Swaps

Forbidden Triples

LO NPA LFIPCF PS EELV EM LR R RN REC DLF

LO NPA LFIPCF PSEELV EM LR R RN REC DLF

LO NPA LFI PCF PS EELV EM LR R RN REC DLF
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Experiments: US

Source of the data
Opinions of the justices of the
Supreme court of the USA.
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Experiments: US

Source of the data
Opinions of the justices of the
Supreme court of the USA.

Baseline axes
Using the Martin-Quinn method

Results
Forbidden Triple on the 2021 term

Voter Deletion Min. Flips Ballot Completion Mini. Swaps Forbidden Triples

Correct
median
(65 years)

54% 58% 57% 65% 66%
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Source of the data
Tierlist maker website
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Source of the data
Tierlist maker website

Experiments: TierMaker

Baseline axes
I’m just having fun here

Results (Ballot Completion)

Geometry
Chemistry
Physics
Math
Biology
Technology 

Music
Art
Physical Education 
History
Social Studies
Foreign Language
Literature



Question
When do we need to 

reconstruct such axes?



Motivation: Political science



Motivation: Seriation (archeology)



Motivation: Scheduling



Conclusion 

We want to reconstruct: an ordering of items.
Example: political axis, chronological axis, optimal spatial ordering.

What we know: binary information on these items.
Example: preferences of voters, items particularities.

How to do it: we study 5 deterministic methods.
Specifically: Voter Deletion, Minimum Flips, Ballot Completion, Minimum Swaps, Forbidden Triples.

How to compare them: The axiomatic method and experiments.
Axiomatic results: Axioms satisfactions, Impossibility theorems, characterizations.
Experiments: On synthetic (with various models) and real (from various sources) data.



More questions

What if… the binary data contains uncertainty?

What if… we want a more expressive structure than a linear 
ordering (circular, two dimensional, with positions…)?

What if… we want to be able to compute the result fast, and with a 
lot of data?





Now giving the floor to the 
great, the beautiful, the 

magnificent…

NICOLAS 
FAYARD !
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